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0,1,;’(28*"&’@ 0’361!009 Gj /, ’;1,.!?A2B Aj> Aj ⊂ A> A % 4/’C*"#+’
’;1,.!?A2B G> ϕ(σ) /* -+(-*#"- ’;1,.!?A24 2. Aj= D’63, ϕ(τ) ∈ Gj 2
"(’+, ϕ(σ) 2 ϕ(τ) "’01-C*/9 + Gj=
’(!)*+,-! .&  !"#$ u> v ∈ G > G % 61!00, :’&"#*1, ;’($<’6’ #20,> A
% 4/’C*"#+’ ’;1,.!?A2B G> u> v ’;(,3,?# "+’@"#+’4 s 2 "!A*"#+!*# z ∈
G #,&’*> 8#’ z−1uz = v= D’63,> *"(2 "(’+’ u *"#$ "(’+’ 2. 0,1,;’(28*"&’@
0’361!009 Gj /, ’;1,.!?A2B Aj> Aj ⊂ A> 2 /* -+(-*#"- ’;1,.!?A24 2. Aj>
#’ v ∈ Gj 2 "!A*"#+!*# z′ ∈ Gj> z′ = z + G> #,&’*> 8#’ z′−1uz′ = v=
’(!)*+,-! $&  !"#$ G % 61!00, :’&"#*1, ;’($<’6’ #20, /, ’;1,5
.!?A2B A> Gj % 0,1,;’(28*"&,- 0’361!00, G /, 4/’C*"#+* ’;1,.!?A2B
Aj ⊂ A> "(’+’ u ’;(,3,*# "+’@"#+’4 s> u ∈ Gj 2 /* -+(-*#"- ’;1,.!?A24
2. Aj> #’63, NG(u) = NGj(u)=
 !""# $/&  !"#$ M % &’($)*+,- "+-./,- 012+*3*//,- 42/24,($/,-
R532,61,44, 61!009 :’&"#*1, ;’($<’6’ #20, G " 61,/28/942 )2&(,42 σ>
τE ϕ(σ)> ϕ(τ) !3’+(*#+’1-?# !"(’+2? s= D’63, *"(2 M "’3*1C2# (s − i)5
’;(,"#$> #’ +"* ’;(,"#2 M -+(-?#"- (s − i)5’;(,"#-42=
 !""# $0&  !"#$ G % 61!00, :’&"#*1, ;’($<’6’ #20, " 4/’C*"#+’4
’;1,.!?A2B A= F"(2 v0 ∈ G> v0  = 1 + G 2 v0 % R5012+*3*//’*> "0*)2,($/’
R5012+*3*//’* "(’+’> 1,+/’* "(’+! 2. 0,1,;’(28*"&’@ 0’361!009 Gj 7 ’;1,5
.!?A242 Aj> Aj ⊂ A> #’ v0 % "(’+’ /, ’;1,.!?A2B Aj=
1!23!"# 4& G 61!00* :’&"#*1, ;’($<’6’ #20, 1,.1*<24, 01’;(*4, +B’C5
3*/2- + 0,1,;’(28*"&!? 0’361!00!=
C *#$*8$( #)<%$&$ "$#7!- 3&)7> #$:)$*0’ "#!9&$() 0!"#’5$66!0*+ 0&!7
7 3#4"")? .!/0*$#) 9!&8:!3! *+")1 B!/)<>7)$*0’
 ! !"#!$% &’   !"#$$% &’()*%"+ ,’-./’!’ *0$+ "+1"%/02+ $"’,-%2+ )’3
$"45%66’)*0 )-’78
 !"#$% &’$($ )"*(%+,-$ ./01,-.2 3#0&.4 $’&"#.!5.1,*6.4 )#"7’,5 (
&#0))$4 8"6*!,#$ 7"’9:"&" !.)$;
  ),#("5 #$/3,’, ./01$,!*% )#"7’,5$ "7"7+,--"< *")#%=,--"*!. *’"(;
 !"#!$% (’ 9%6*"+-01+*’" (’6%:6’ $’"’5;%66’< $’;!"#$$= H !"#$$=
&’()*%"+ ,’-./’!’ *0$+ G %)*. (’6%:6’ $’"’5;%66+4 $’;!"#$$+ 0 )#>%3
)*7#%* +-!’"0*2? 7=$0)=7+@>0< ’,"+1#@>0% A%6*"+-01+*’"+8
>"6$/?($,!*%@ 1!" A,-!#$’./$!"# B’,5,-!$ ( &#0))$4 8"6*!,#$ 7"’9:"&"
!.)$ ( "7+,5 *’01$, -, %(’%,!*% A.6’.1,*6"< )"3&#0))"<;
>"6$/?($,!*%@ 1!" ( "7+,5 *’01$, &#0))? 8"6*!,#$ 7"’9:"&" !.)$ -, %(C
’%2!*% &.),#7"’.1,*6.5. &#0))$5.; D$**5"!#.5 &#0))0 G =< a,b,c;aba =
bab,aca = cac,bcb = cbc,a2 = 1,b2 = 1,c2 = 1 >; E$--$% &#0))$ *"3,#=.!
*("7"3-02 $7,’,(0 )"3&#0))0 < (abc)2,(bac)2;(abc)2(bac)2 = (bac)2(abc)2 >@ $
)"!"50 -, 5"=,! 7?!9 &.),#7"’.1,*6"<;
 !"#!$% )’   !"#$$% &’()*%"+ ,’-./’!’ *0$+ "+1"%/02+ $"’,-%2+ ’,’,3
>%66’< )’$"45%66’)*0 )-’78
 !"#!$% *’ B#)*. G C !"#$$+ &’()*%"+ ,’-./’!’ *0$+ 0 {wi}i=1,m?
{vi}i=1,m C )-’7+ 01 D8 E)-0 F C (+(’%3*’ "%/%60% )0)*%2= &n
i=1(z−1wiz
= vi)? *’ 26’5%)*7’ )-’7 CG(H) F? !;% CG(H) C A%6*"+-01+*’" $’;!"#$3
$= H? $’"’5;%66’< )-’7+20 {wi}i=1,m? 47-4%*)4 26’5%)*7’2 7)%F "%/%3
60< )0)*%2=8
 !"#!$% +’ G#>%)*7#%* +-!’"0*2? $’17’-4@>0< ;-4 -@,’!’ (’6%:6’!’
26’5%)*7+ )-’7 01 !"#$$= &’()*%"+ ,’-./’!’ *0$+ G 7=$0)+*. ’,"+1#3
@>0% 0F 6’"2+-01+*’"+8
 " (!"#"5 #$/3,’, (!"#"< &’$(? ").*?($2!*% B’,5,-!? 6"-,1-"&" )"#%3C
6$ ( &#0))$4 8"6*!,#$ 7"’9:"&" !.)$;
 !"#!$% ,-’ G-’7’ w !"#$$= &’()*%"+ ,’-./’!’ *0$+ G 02%%* (’6%:3
6=< $’"4;’( *’!;+ 0 *’-.(’ *’!;+? (’!;+ ’6’ )’$"45%6’ H 6%(’*’"=2 )-’3
7’2 w′ ∈ Gab =< a,b;(ab)mab = 1,a2 = b2 = 1 >8
  !#,!9,5 #$/3,’, (!"#"< &’$(? 3"6$/?($,!*% $’&"#.!5.1,*6$% #$/#,:.C
5"*!9 )#"7’,5? (4"=3,-.% ( A.6’.1,*602 )"3&#0))0 ( &#0))$4 8"6*!,#$
 ! !"#$!%! &’()*
 !"#!$% &&’  !"#$ "%&’& w ∈ G ()**# +*",&-*.-/0 1&234&,5 6&748
%9+83 "#*1*-$ "%&’8: "&123;*--&7& w (%( w2 ’ 72!11* G: <(,%(.*",( R
( "1*<(8%$-& R=-*"&,28#()85
+,-&# . %/,((0 1!2-&0/)  !"#$!%! &’() G wn = v* 3!%4) (w2)n = v2* 5)607
8’6 w2 8) -!(/9:088!0 - 8’6 ;’2"’<0-2’ R780-!2/)&’6!0 ’ -(0;’)"#8! R7
80-!2/)&’6!0 -"!.! w0 . -!!&.0&-&.’’ - &0!/06!= >>* +!",<’6 wn
0 = z−1v2z*
5)608’6 z−1v2z /).8?6 06, . %/,((0 G R780-!2/)&’6?6 ’ -(0;’)"#8! R7
80-!2/)&’6?6 -"!.!6 v0* 3!%4) -,@0-&.,0& (/’.04088)9 -.9A8)9 !48!-.9A8)9
R74’)%/)66) M &)2)9B <&! ϕ(∂M) = ϕ(γ)ϕ(δ) = wn
0v−1
0 B %40 γ,δ %!60!6!/C7
8? !&/0A2,*
D.9A8)9 !48!-.9A8)9 4’)%/)66) M 8)A?.)0&-9 4’-2!6B 0-"’ 00 %/)8’<8?=
;’2" ∂M E (/!-&)9 A)628,&)9 2/’.)9*
F,406 -<’&)&#B <&! M E 4’-2B ∂M = γ ∪ δB ϕ(γ) = wn
0 ’ ϕ(δ) = v0B
γ ∩ δ = {A,B} E 4.0 .0/$’8?*
 !"#!$% &(’  !"#$ M > 12(’*4*--83 4(8728))8: 3’%39?83"3 4(",&):
∂M = γ∪δ: 74* ϕ(γ) ( ϕ(δ) > R=-*"&,28#()/* ( "1*<(8%$-& R=-*"&,28#()/*
"%&’8: γ ∩δ = {A,B}5 6&748 .("%& &+%8"#*0: 728-(.8?(@ " γ ( δ: &4(-8,&’&5
+,-&# M E -.9A8)9 !48!-.9A8)9 (/’.04088)9 4’)%/)66)B ∂M = γ ∪ δB
(,-&# ϕ(γ) = wn
0B ϕ(δ) = v0 ’ r0 E -)6!0 4"’88!0 -"!.! ’A R* 3!%4) n <
4|v0||r0|*
F,406 %!.!/’&#B <&! . %/,((0 G /)A/0$’6) (/! "06) 2!/89B 0-"’ -,@07
-&.,0& )"%!/’&6B (!A.!"9G@’= 4"9 "G !%! w ∈ G ,-&)8!.’&#B -,@0-&.,G&
"’ n ∈ N ’ x ∈ G &)2’0B <&! xn = w*
)*!+,-./! 0’ A 72!11* B&,"#*28 +&%$C&7& #(18 G 28D2*C()8 12&+%*)8
,&2-35
H <0&.0/&!6 /)A40"0 .&!/!= %").? ’A,<)0&-9 (/! "06) -") != -&0(088!=
-!(/9:088!-&’ -"!. . %/,(()I 1!2-&0/)  !"#$!%! &’()*
F,406 %!.!/’&#B <&! . %/,((0 G /)A/0$’6) (/! "06) -") != -&0(088!=
-!(/9:088!-&’ -"!.B 0-"’ -,@0-&.,0& )"%!/’&6B (!A.!"9G@’= 4"9 "G ?I
-"!. w,v ∈ G &)2’IB <&! w / ∈< v >B ,-&)8!.’&#B -,@0-&.,0& "’ ;0"!0 <’-"!
n &)2!0B <&! -"!.) wn,v -!(/9:08? . %/,((0 G*
 ! !"#!$% &’(   !"#$$% &’()*%"+ ,’-./’!’ *0$+ G "+1"%/02+ $"’,-%2+
)-+,’3 )*%$%44’3 )’$"56%44’)*0 )-’78
  !"#!$#% &’()# "(**+(!",)(-!*. /#01!1"2# 3"14’#+2 ) &"533(6 710*!#"(
80*!"(41’$91&1 !,3(:
;#")2% "(<=#’ 31*).>#/ 3"14’#+# *!#3#//1% *13".?#//1*!, *’1):   /(@(A
’# 8!1&1 "(<=#’( ,<5@(-!*. =,(&"(++2 /(= &"533(+, 710*!#"( 80*!"(41’$A
91&1 !,3(B 01!1"2# *!"1.!*. !(0 ?#B 0(0 , =,(&"(++2 /(= &"533(+, 710*A
!#"( 41’$91&1 !,3(: 7(?=(. 3",)#=#//(. *).</(. 1=/1*).</(. RA=,(&"(++(
M &"5332 710*!#"( 80*!"(41’$91&1 !,3( 5=1)’#!)1".#! 5*’1),- C(8):
;"1*!(. 14’(*!$ D =,(&"(++2 M /(<2)(#!*. =#/1)*01%B #*’, i(D) <
d(D)/2:
;5*!$ M1 C 3",)#=#//(. *).</(.B 1=/1*).</(. 31==,(&"(++( R A =,(&"(+A
+2 M &"5332 710*!#"( 80*!"(41’$91&1 !,3( * &"(/,D#% ∂M1 = e1γe2δB &=#
e1 C "#4"1 AB,γ E 35!$ BC,e2 C "#4"1 CD,δ C 35!$ DA: F1&=( 31*’#=1)(A
!#’$/1*!$ 14’(*!#% D1,D2,...,Dn ,< M1 (e1 ∈ D1,e2 ∈ Dn),n > 2B 14"(<5#!
31’1*5 ) MB #*’,G




δ E 31*’#=1)(!#’$/(. @(*!$ M1J
KI ∀iB 1 6 i < nB &"(/,D2 14’(*!#% Di , Di+1 3#"#*#0(-!*. 31 "#4"5J
LI |∂D1 ∩ γ| = |∂D1 ∩ δ| + 2,|∂Dn ∩ γ| = |∂Dn ∩ δ| + 2 , |∂Dj ∩ γ| =
|∂Dj ∩ δ|,2 6 j < n:
M’1)1 w ∈ GB G C &"533( 710*!#"( 80*!"(41’$91&1 !,3(B /(<1)#+ RA
3",)1=,+2+B #*’, w 3",)#=#/1 ) F , *1=#"?,! 31=*’1)1 sB .)’.->##*. 31=A
*’1)1+ /#01!1"1&1 *11!/19#/,. r ∈ RB r = sbB &=# |b| < |s|: RA3",)#=#//1#
*’1)1 w &"5332 710*!#"( 80*!"(41’$91&1 !,3( G /(<1)#+ *3#D,(’$/1 RA
3",)1=,+2+ ,’, RA3",)1=,+2+B #*’, ) /#+ +1?/1 )2=#’,!$ 31=*’1)1 s1s2    
snB &=# 0(?=1# st *1=#"?,!*. ) /#01!1"1% &"533# Gij , .)’.#!*. 31=*’1)1+
*11!/19#/,. s−1
t d−1
t btdt+1 ∈ RB 3",@#+ 3", t = 1 , t = n |dt| = |dt+1| = 1B
|st| = |bt| + 2 , =’. tB 1 < t < nB |dt| = |dt+1| = 1B |bt| = |st|:
)!$$% *+( 9#)*. M : $"07%;%44+5 )7514+5 ’;4’)7514+5 R < ;0+!"+22+
4+; !"#$$’3 &’()*%"+ =()*"+,’-./’!’ *0$+> σ : !"+40?4@3 A0(- MB )-’7’
ϕ(σ) A0(-0?%)(0 R 0 R<4%)’("+*02’8 C’!;+ M 57-5%*)5 ’;4’)-’34’38
)!$$% *’( 9#)*. M : $"07%;%44+5 )7514+5 (’-.A%7+5 ;0+!"+22+ )’<
 ! !"#$%%&’() ’*&+ ϕ(σ), ϕ(τ) ∈ G %-. /!0  &1 2&3’($!- 43’(!-5&*67&/&
() -, %$ ’&.$!#-8-" (s − i)9&5*-’($1: σ, τ ; ’&&(+$(’(+$%%& +%$7%)1
) +%0(!$%%)1 /!-%)<%=1 >)3*= M, ’*&+- ϕ(σ), ϕ(τ) >)3*)<$’3) R ) R9
%$’&3!-()?=@ A&/.- M "+*"$(’" &.%&’*&1%&1@
 !"#$ %&’&()*+, -*& ’ %(!..# G (/0(#1)$/ .(&23#$/ 4*#.#55&6 4&.(78
9#55&4*) 43&’, #43) 4!:#4*’!#* /3%&()*$, .&0’&37;:)6 "37 3;2<= 43&’
w,v ∈ G !4*/5&’)*+, 4!:#4*’!;* 3) 5#5!3#’<# >#3<# -)43/ n,m */?)#, -*&
43&’/ wn,vm 4&.(79#5< ’ %(!..# G@
 !"#!$% &’( B /!0  $ 2&3’($!- 43’(!-5&*67&/& () - !-C!$7)?-  !&9
5*$?- ’($ $%%&1 ’& !"#$%%&’() ’*&+@
 !"#$ %&’&()*+, -*& ’ %(!..# G (/0(#1)$/ .(&23#$/ .#(#4#-#5)7 >)?3)8
-#4?)= .&"%(!.., #43) 4!:#4*’!#* /3%&()*$, .&0’&37;:)6 "37 3;2<= 43&’
w,v ∈ G !4*/5&’)*+, .!4*& )3) 5#* .#(#4#-#5)# >)?3)-#4?)= .&"%(!.., .&8
(&9"#55<= ’ G "/55<$) 43&’/$)@
 !"#!$% &)( B /!0  $ 2&3’($!- 43’(!-5&*67&/& () - !-C!$7)?-  !&9
5*$?-  $!$’$<$%)" >)3*)<$’3)D  &./!0  @ E08$’(+0$( -*/&!)(?, += )’=9
+-F8)1 &5!-C0F8)$ .-%%&/&  $!$’$<$%)"@
A& ’*&(&$ (/0"#3# "&?/0<’/#*47, -*& #43) E ) C B C3#$#5*< 2#4?&5#-5&%&
.&(7"?/ %(!..< D&?4*#(/ C?4*(/2&3+1&%& *)./ G, 5# 7’37;:)#47 4*#.#578
$) &"5&%& ) *&%& 9# 43&’/, *& 4!:#4*’!#* 5/*!(/3+5&# -)43& γ */?&#, "37
Eγ ) C 5# ’<.&357#*47 5#*()’)/3+5&# *&9"#4*’&@ D/? 43#"4*’)# .&3!-/#$,
-*& ’ %(!../= E(*)5/ C?4*(/2&3+1&%& *)./ 5# ’<.&357#*47 5#*()’)/3+5&#
*&9"#4*’&@
A *(#*+#$ (/0"#3# )0!-/;*47 .&"%(!..< ’ %(!../= D&?4*#(/ C?4*(/2&3+8
1&%& *)./@
 !"#!$% *+( B’"3-" 3&%$<%&  &!&#.$%%-"  &./!0  - 5$C 3!0<$%)" /!0 9
 = 2&3’($!- G 43’(!-5&*67&/& () - "+*"$(’" ’+&5&.%&1@
F&?/0/5&, -*& $5&9#4*’& &2(/0!;:)= ?&5#-5& .&(&9"#55&6 .&"%(!..<
2#0 ?(!-#5)7 %(!..< D&?4*#(/ G C?4*(/2&3+1&%& *)./ $&95& ’<2(/*+ */?,
-*& 3;2&6 C3#$#5* C*&6 .&"%(!..< &"5&05/-5& 0/.)4<’/#*47 ’ C*)= &2(/0!8
;:)=@
G#*’#(*/7 %3/’/ .&4’7:#5/ )0!-#5); /3%&()*$)-#4?)= .(&23#$ ) &.)4/8
 ! !"  #$%&’!(&)#$#* * +$,--&. /$&01 2. /#3 ! +$,--&. 4$)! & /# 15 #+#
)!-&6
7 -1$*#% $&(81’1 !(,5&1)39 -$#:’1%& #:#:;1  #< 3#-$9=1  #3)! 3’#* *
+$,--&. /$&01 2. /#36
>&33%#)$!% +#%#%#$?!(% +$,--2 Bn+1 * +$,--, -#83)& #*#/ Sn+1@ #)#:A
$&=&";!< σi * )$& 3-#(!B!" (i,i + 1)@ i = 1,n. C#3&@ $1&’!(,";&9 18! !5A
 ," -#83)& #*/,@  &(2*&1)39 /$&01 #<6 D#8+$,--& /$&01 2. /#3 +$,--2
Bn+1 #:#( &5&1)39 51$1( Rn+16
 !"#!$% &&’  !"#$ H % &’()*(’ +’,’-.)((/0 +’.1,!++/ 1,!++2 Bn+13




()!*+,-.! /0’ = 1,!++) &,/>)(2? &’" R3 ,/@,)>89/ +,’A7)9/ "’+,0B
-)((’"#8 +’.1,!++3
()!*+,-.! //’ C)(#,/78@/#’, &’()*(’1’ 9(’-)"#6/ D7)9)(#’6 8@ Rn+1
&’()*(’ +’,’-.)( 6 Rn+1. E!5)"#6!)# /71’,8#9: "#,’058; ’A,/@!<58)
D#’1’ F)(#,/78@/#’,/3
()!*+,-.! /&’ = Rn+1 ,/@,)>89/ +,’A7)9/ ’A’A5)((’; "’+,0-)((’"#8
"7’63 G’7)) #’1’: )"78 F )"#$ ,)>)(8) "8"#)92 &n
i=1(x−1aix) = bi 6 Rn+1: #’
9(’-)"#6’ 6")? ,)>)(8; D#’; "8"#)92 6 Rn+1 @/+8"26/)#"0 6 68.) D =
CRn+1({ai}i=1,n)F  !"# CRn+1({ai}i=1,n) $ %#&’()*+,)’-( {ai}i=1,n . !(/00#
1()2#&34 1-5 Rn+16
 !"#$%&’" ()* 7-(8)*+,)’-( 1-&#9&-!- 8&-:#;’.) <*#8#&’-. +, Rn+1
1-&#9&- 0-(-:"#& . Rn+16 =/>#;’./#’ )*!-(+’8  ;’(-?>+@ -A(),/B>+#
<’-!- &-(8)*+,)’-()6
 ! "#!$!% $&’()*) +’,-&)#./ 0$!1*)%& .!0$/2)33!.#+ 0!(4$,00 " 4$,00&5
6$&7)385 6!.9
+",,- ./* C/;’D . !(/00# Bn+1 .30-*&#&3 ().#&;’.)E
&ω∈Ω(Aω(σ1,...,σn−1) = X(σ1,...,σn)Bω(σ1,...,σn−1)X−1(σ1,...,σn)).
F-!") ;/>#;’./#’ ’)1)? 1-;) K  9’-
&ω∈Ω(Aω(σ1,...,σn−1) = K(σ1,...,σn−1)Bω(σ1,...,σn−1)K−1(σ1,...,σn−1)).
0"12",- 34* G;*+ ".# 0-"!(/003 H1 + H2 +, Bn ;-0(?:#&3 . Bp (p > n) 
’- -&+ ;-0(?:#&3 + . Bn6
   !"#$%&’" ()*  !"# $%&’()$$* H1 ⊂ Bn # H2 ⊂ Bn # !)+,!-.),- Z ∈
Rp (p > n) -/0%,1 2-% H1Z = ZH2 . Bp1 -%’&/ 3/4&,-!5 Z′ ∈ Rn -/0%,1
2-% H1Z′ = Z′H2 . Bn6
+",-"./ 01* 7 Rn+1 (n > 4) 3,(/8(,9#:/ $(%;",:/ !%$(5<,33%!-# $%&=
’()$$6
  !"#!$#% "&’(#)# (&*+ +,-.&*-# *+"%&)-’&!+"+/ *#0+!+"12 0)&..+/ ,+(3
4"5,, / 4"5,,&2 0"&6#*12 0+.7
+",-"./ 23* >)!-? G = F1 ×F2 @ $(5:%, $(%#8.,&,3#, &.)A !.%;%&3*A
’()$$ (/3’/ B6 >)!-? H @ 0%3,23% $%(%<&,33/5 $%&’()$$/ #8 G6 C%’&/
3%(:/"#8/-%( NG(H) 0%3,23% $%(%<&,36





1σ2σ3σ47 =+4(& Π =< σ4
1,σ4
2 > × < σ2
4,d > > ,"?%+# ,"+-’/#(#*-#
(/52 ./+@+(*12 4"5,, "&*4& A7
+",-"./ 2(* NR5(Π) =< ∆2,∆′2,Π >1 ’&, ∆ = σ1σ2σ3σ4σ1σ2σ3σ1σ2σ11
∆′ = σ2σ1σ26
B5.!$ H > 0+*#C*+ ,+"+:(#**&? ,+(4"5,,& -’ Π =< σ4
1,σ4
2 > × < σ2
4,d >




1,n. B+(4"5,,& H19 ,+"+:(#**&? Li(σ4
1,σ4
2)9 i = 1,n9 #.!$ ,"+#0F-? H *&
Π1 =< σ4
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